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e Exclusive exponentiation (EEX) in Monte
Carlo, YFS-style, is very successful but
limitations:

1. QED interferences, for example ISR*FSR,

2. Spin polarization, especially transverse,

. Exact matrix element for 2, 3 large pr
photons (background for searches)
difficult to implement.

e The ultimate solution: Exponentiation
re-formulated in terms of spin amplitudes!
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‘ Introduction I

Deficiencies of YFS Exclusive Exponentiation technique,
as implemented in KORALZ/YFS3, BHLUMI, BHWIDE,
KORALW:

e Lack of the ISR/FSR or Up/Down interferences
(except BHWIDE, but difficult to upgrade...)

Simplified treatment of spin, neglected transverse
polarization (except KORALB but exponentiation...)

Approximate matrix element for 2 and 3 hard large pr
photons. (Important for searches.)

The CEEX solution

ISR/FSR interferences are included in a natural

way. Spin amplitudes for ISR and FSR are
summed and squared numerically (the
BHWIDE approach gets cumbersome beyond
first order)

Complete exact treatment of fermion spin
polarizations (transverse and longitudinal) at the
density matrix level (numerically) including
Wigner rotations (necessary for interfacing with

decay M.C. simulating fermion decays).

Exact matrix element for 2 and 3 and more
photons using Kleiss-Stirling (KS) spinor
technique. The entire matrix element for n photons is

calculated using KS method.
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) CEEX

‘ Kleiss-Stirling spinors I

All MASSLESS spinors are transformed out of two basic
constant spinors 14 ((), (% = 0:

ux(p) = \/gp—c pu_x(C) |, where |1y (¢) =fu_(¢), n° = -1, (n¢) = 0.

The usual relations hold:

Zur(€) = 0,wrur(€) = ua(€), ua(Q)ir(¢) =gwa,

pur(p) = 0,waur(p) = ux(p), ur(p)dr(p) =plor, where wx = 5(1 + Mys).

Spinors for the MASSIVE particle with four momentum p

(p> = m?) and spin projection \/2 are defined in terms of
massless spinors:

u(p7A)=uA(p<)+\/%u—A(C) and v(pak)=u—x(p<)—\/%u/\(©,

where pic = p; = pi — C m}/(2Cps).
We shall often exploit the completeness relations:

p+m=> ", ulp,Ni(p,)), #-—m=>, v(p,\)(p,\)
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@ CEEX @

‘ Toolbox for Kleiss-Stirling spinors I

The tnner product of the two massless spinors is defined as follows:

sy(p1,p2) = a4 (pr)u—(p2), s—(p1,p2) = t_(p1)ut(p2) = —(s+(p1,p2))".

In any reference frame it can be evaluated using the Kleiss-Stirling expression:
s+(pyq) =2 (2p0) 72 (290)72 (PO (gm) — (PM)(C) = i€ po (0" P "]

For example, if in LAB frame ¢ = (1,1,0,0) and n = (0,0, 1,0), then in this frame:
s+(p ) = —(4® +ig%)1/(P° — p1)/(a° — q¥) + (p* +ip®) 1/ (a° — 1)/ (»° — p?).

The tnner product of the two massive spinors is:
u(p1, A)u(pz, A2) = S(p1, m1, A1, p2, m2, Az),

u(p1, A1)v(pz, A2) = S(p1, m1, A1, p2, —ma2, —Az),
B(p1, A)u(pz2, A2) = S(p1, —m1, —A1, p2, m2, Az),
9(p1, A1)v(p2, A2) = S(p1, —m1, — A1, p2, —m2, —A2),

where

/2 /2
S(p17m17>‘17p27m27>‘2):6>\1,—)\23>\1(p1C)p2C)+6)\1,)\2 (ml zggi + mo QEII;;)

and pi¢c =p; =pi — (¢ mf/(2(:pz)
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‘Why do we need GPS? I
GOODIES of the Wigner-Jacob-Wick spinology we know and love:

Elegant definition of spin state and scattering matrix element

p,n >=T(L(P)|p,n >, Mum =< f|S[i >=< q,m|S|p, n >

Simple transformation under rotation using Wigner D®-matrices
[¢] [¢] o
T(R) |p,n >= ) ,|p,n > D, (R)

Well defined (so called) Wigner-Wick rotation
Mrnn - Z I n! Mn/m, szln(RYV)QS:L/m(Ry)

m’,

where RW is rotation reflecting directly the change of the quantization axes (in rest
frame of the massive particle) or is “generated” by the general Lorentz
transformation, exactly as in the paper of Wick (Ann. Phys. 18 (1962) 65) for the
Jacob-Wick helicity states.

How to preserve the above nice features within familiar spinor
technique? For KS spinors the answer is in our GPS rules.

WHY BOTHERY? For unstable fermions like 7 production and decay spin

amplitudes are calculated using completely different methods and with different

quantization axes. We need to know very precisely the spin quantization axes for KS

spinors in_the M.C. event generation, especially for unstable fermions.
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‘ GPS - preliminaria'

The necessary condition for validity of the usual Wigner-Jacob-Wick
technology (including standard Clebsch-Gordan coefficients etc.) is the
textbook phase relation

(Jo £iJ)|m >=[(sFm)(s£m+ D] £ m >
(National Bureau of Standards 1951)
equivalent to a condition with the prosaic rotation by +m around y-axis

exp(—3 17 Jy)|+ >=|— >, |in our s = 1/2 case.

Take Weyl representation. Let us define Primary Reference Frame PRF
where ( = (1,0,0,—1) and 7 = (0,1,0,0), (in general PRF£LAB). If the
massive fermion is at rest in the PRF then for KS spinors u(p, +) and
v(p, £) the above phase relation is fulfilled, i.e., spin is quantized using
z-axis; the x and y axes are correctly positioned!

In the general case of the fermion in flight the GPS rule will tell us where
the quantization z-axis is, and also the x and y axes relevant for the
relative phases of |+ >. See next slide.
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‘ GPS stands for Global Positioning of Spin I

The rules for determining all three spin quantization axes for u(p,+£) and
v(p, £) defined with KS method for Weyl representation are the following:

—

e In the rest frame of the fermion, take the z-axis along —(.

e Place the z-axis in the plane defined by the z-axis from the previous
point and the vector 77, in the same half-plane as 7.

e With the y-axis, complete the right-handed system of coordinates.

We call the above rules the GPS rules, and we shall call the Spin

Quantization Reference Frame (SQRF) determined by the above GPS
rules the GPS frame of the fermion.

The formal proofs of the above rules is in CERN-TH-98-235. It amounts to showing
that in GPS fermion rest frame the two constant basic spinors uy(({), up to a real

constant, are the same (have the same components) as in PRF.
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N N2

GPS at work: polarized 7 decay

Suppose, that for 7(p) — X decay, using Feynman rules and classic “Dirac alchemy”,
including u(p, s) @(p,s) = 5(1 + v5 #) (¥ + m), we obtain (def. polarimeter vector h):

deOL (S) = dFunpOl'(q1...qn) (1 + s - h(Ql“'q'n,))v where h - P = 0.

class.

On the other hand, using KS spinors, we calculate spin amplitudes N, for decay
process. Remembering the textbook definition of spin density matrix we can write:

S

dF%Ol' s) = Zu iet1/2 pNﬁNNN;dq)dec_ where p is the spin density matrix.

HOW TO RELATE N,, AND h, IN THE TWO CALCULATION METHODS?

. 3 N A —
Seems easy: from textbook relation p = Zk—o o 5% where § = (1, ) we get:

deOl'(s) = 5¢ [GZFLNNN;] AP qoe. = 5%h,dT"™P° and therefore we IDENTIFY:

ha = (1,h(q1...qn)) = Zpﬁ agﬁNpN;/( Zp NpN:) where o are Pauli matrices.

All the above was in the 7 rest frame. WHICH FRAME?
ONLY in the GPS rest frame! Why? In other than GPS frame we would be

forced to replace Pauli matrices with something else; i.e. with non-standard

analog of Clebsch-Gordan coefficients, because the phase relation (Jgy +iJy)|— >= |+ >

3
holds for our spin states only in the GPS frame (note that Pauli o’s in p = E P ok sk

are here just Clebsch-Gordan coefficients for Dl/2 X Dl/2 ).
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‘ GPS at work: Wigner/Wick rotation.

For the 7 production and decay process

6_(]91, Al) + €+(p27 )\2) — T_(qla Ml) + T+(q27 :LLQ)a 'T:t — Xi;
following the same lines, we may write the spin amplitudes:

_ /
J\/[>‘1>‘2'_'E:,u,l,l,zJV[/\l>\2M1/¢23\r#’13\fu2

and the polarized differential cross-section:

_ . * * / 1% /

Pi i A

In terms of beam polarizations § and decay polarimeter vectors i we have:
do = Zabcd 848" RS doProd b, dl Rl dI” where

unpol. unpol. unpol.

@ b _ v M=E ot od
_ zzlwﬁ~kzijaklklak2k2v'A1A2“1“2 XqXofigfig F1H1°A2H2

2
- M 2
§£:N¢N¢A¢A¢| A1 Ao ps |

The above Wigner-Jacob-Wick spin technology is used in KORALB MC.
If the production amplitudes M, x,,., ., are calculated using KS spinors
then we may continue to use the above “spinology” only if we apply it
in the GPS rest frames of all four fermions!

Consequently, we need Wigner/Wick rotations. Why? See next slide.
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‘GPS at work: Wigner/Wick rotation I

For et beams we know polarization vectors 54 in certain well defined rest
frames BRF4 of the e® (from the machine people). In other words, we
know precisely the Lorentz transformations

LERY. BRF1 — LAB|
On the other hand, from GPS rules, we know transformations
L$PS: GPS(et) — LAB |

If we use KS spinors for the scattering spin amplitudes, then we have to

apply the Wigner/Wick rotation
RY = LEPS(LERF)=1 | ie. rotate 53 from BRF4 to GPS(e®).

(In practice this is a rotation around the beam axis).

For & we avoid explicit Wigner/Wick rotation, if the decays of polarized
7’s are done (simulated in MC) precisely in GPS(7¥) frames.

We may need Wigner/Wick rotation if we want to compare spin
amplitudes from KS method and some other method. Next slide shows
such a comparison for the spin correlation tensor R§e from two methods:
(1) KS spinors, (2) with Jacob-Wick (JW) helicity states (Jadach Was
1984, Tsai 1971); in fact the variant of JW called JW2.
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Numerical illustration of Wigner-Wick rotation for

one T-pair production event at /s =4 GeV, m, = 1.777
GeV, cosf = —0.884680271149. In the upper part we

print the complex spin amplitudes M

A1Aopqpo

, with

the numbering style {A1Aopipus} from KS spinors.

Then, we show the Roov

c,d = 0...3, correlation matrix

as calculated in the GPS frame, and after a (double)
Wigner-Wick rotation to JW2 7 rest frames. The
result marked “analytical” is obtained analytically
(Jadach Was 1984) also in the JW2 frames. The

difference of the two, in the JW2 frame, is zero.

mber 5, 1998
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@) CEEX @)

‘Appendix: Wigner-Wick rotations, collection of formulae I

STATES in Hilbert space transform under rotation as follows:

° o 1/2 o 1 2
P, >p= ZH, lp, n" > ®H{H(R), <pplp = ZN HL "(R) < p, i'|.

Consequently, SPIN AMPLITUDES transform under four different Wigner rotations:
_ 1/2 1/2 2 f 1/2 7
Mapazniize = 2 Maiagutug D305 (BODYS (Ro)D ST (R)D T (RD),

2 nq ,u mwo ,u

Both final an initial state spin DENSITY MATRICES transform under Wigner

rotation in the same way:

(Prui) g = 00 DU (R) pprr D% (R)

The above transformation induces through s® = Tr(po") the ordinary rotation
transformation of the spin POLARIZATION VECTOR (as it should!) e.g. §

transforms as a contravariant vector:

k 3 k 2
(S )R - Zk/:l R A?/S ?
On the other hand the h, POLARIMETER VECTOR (also related to spin

amplitudes with Pauli matrices) transforms with transposed rotation matrix, e.g. as a
covariant vector:

3 o
(ha)R - Za,lzl ha/R @
Finally the full spin CORRELATION TENSOR transforms as follows:
cd 3 R @ a’ c d
<Ral[>>R - Za/blcldlzl a/zi/ (Rl> a (B>)b b (Rf> ! (Rf>[d/~

Easy?!
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‘Appendix: Born Spin Amplitudes, deﬁnition'

e*(p2)
() =B [ 22508] (X) =
@(p27>‘2)7MGe’Bu(pla)‘1) ﬂ(p37)‘3)ﬁquf7Bv(p47A4)
X2—MB2+iFBX2/MB ’

e 1
(L+Ms)gs ™, PP = S0+ Ms)gl 7,
A==
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@ CEEX @

o2
‘Appendix: Born Spin Amplitudes in terms of KS spinors'

e (p1) f(ps3)

e (p2) f(pa)

_ e,B — f.B
B [plpngm] (X) = iezz v(p2, A2)y" G " ulpr, A1) a(ps, A3)yu G 7 v(pa, M)

A1A2A3 2y X2 - Mp?+il'gX2/Mp
B=~.Z7

e,B f,B / e, B f.B /
0 22 6xy.—xg | 952007 Tagay Thon, + 957907 Ulya, Uning]
= Z1€

X2 - M2+ il'pX2/Mp ’

B=~.Z7
Txsxqy = u(ps, As)u(p1, A1) = S(ps, m3, Az, p1,0, A1),

Ty, x, = 0(p2,A2)v(pa, Aa) = S(p2,0, —A2, pa, —ma, —Aa),
U;\3)\2 — {L(p37 )\3)’0(]?2, _>\2) = S(P37m3> >\3,P2,0, >\2)7

U>‘1>‘4 — ﬂ(pla —>\1)’U(p4, A4) — S(p1707 _>‘17p47 —Mmy, _A4)'
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‘Conclusions for Part 1 I

e Our primary aim is to use KS spinors for multiple
bremsstrahlung spin amplitudes, for massive fermions.

e We would like, however, to take full advantage of the
spin amplitudes, i.e. to be able to introduce spin
polarization vectors for any fermion and to interface
easily the MC simulating polarized decays for unstable
fermions like 7 and top quark.

e With the GPS upgrade of the KS technique we are fully
armed to implement completely the above ambitious
scenario!

November 5, 1998 Stanistaw JADACH



CEEX @)

‘Outline of Part 11 I

Photon polarization vector.

Building blocks for bremsstrahlung amplitudes: U and V
matrices.

ISR 1-photon real using KS, isolate IR and non-IR parts,
notation.

ISR 1-photon virtual, collect old results.

Coherent Exclusive Exponentiation, zero order O(a®) ppx -

Coherent Exclusive Exponentiation, first order O(a')

Unpolarized O(a")

cancellations.

Polarized O(a")

decays.

CEEX"*

cepx differential cross section, IR

cepx differential x-section, including fermion

CPU time considerations and photon spin randomization.

Preliminary numerical results from KX Monte Carlo.
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CEEX

‘ Photon polarization vector I

For a circularly polarized photon with four-momentum k& and helicity
o = £1 we adopt the choice of Kleiss-Stirling and /or Beijing group:

o (k)" us () Uo (k)7H16(C)
V2 g (k)uo () V2o (k)uq(¢)

where 3 is an arbitrary light-like four-vector 5 = 0 (axial gauge).
The second choice with 1, (k, () seem to be ours (not exploited by KS).
Using the Chisholm identity:

o (k) vuto (B) 7" = 2uqs(B) o (k) + 2u—o (k) 40 (),
o (k) vutte (C) v = 216 (C) Uo (k) — 2u—o (k) 10 (C)

we get useful equivalent expressions:

(e5(k, 8))" =

(e5(k,¢))" =

(7, (k,B))" =
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@) CEEX @)

Building blocks for bremsstrahlung amplitudes: U and V matrices.

In the calculation of the bremsstrahlung amplitudes we shall use the
following basic building blocks:

e(k) e(k)

)\2 )\1
U —— u(ps) i(p) —a—V

b1 p2

>\1>\2] — UJ)‘l)AQ(k7p17m17p27m2) — /l_l;(pl,)\l) %g(
} = Vi a. (K, p1,ma, p2, ma) = 5(p1, M) 5 (k) v(p2, A2).

The four-momentum conservation is not assumed in the above
vertex-like objects.
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‘U and V transition matrices, analytical formulas I

In the case of ¢, (k, () the transition matrices are rather simple:

4 ‘\/ k7p1)7 0
U (k7p17m17p27m2)_\/§
\/ — mi \/ QCCP]S S-i—(k? pA2)

Uy, x, (kyp1,m1, p2,ma) = [ Uy Al(k p2, M2, P1, ml)] :

V)\Ul Ao (k7p17 mi, p2, m2) — U—Al — Ao (k>p17 —mai, P2, _m2)'
The general case, with eg(k 3), looks a little bit more complicated:

+ _
UT(k,p1,m1,p2, mg) =
_(kﬂﬁ)
. . 2 2Ck 2 . 2 .
S+ (@1 R)s (5. D) +mym2 2Ccp61 24%?2 o 2Ccp61 Stk p2) 4 my 2CCP62 L k)]

™14/ 22ccpk1 s_(B,P2) + mo 22CCp2 s_(P1,B8), s_(P1,B)sy(k,p2) + mimy 22CCP51 22Ci?k2

The first expressions is optimized for fast numerical evaluation.
Both are not M-matrices of KS, but rather products of them.
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‘Diagonality property of U and V I

For p1 = po = p the matrices U and V' become diagonal:

UG B =V () RA

M) =
ba(k,p):ﬂﬂﬂ"_(k)m"(c) V2 @sa( k. p).

ba<k7p) 5A1/\27

(F)us(C)

The above diagonality property also holds in the general case of

e(k,B):

m
26p

V2
S_a(k,ﬁ)

bo (I, p) = <8—a(ﬂ,ﬁ)sa(ﬁ,k) NES <2<k>) .

Thanks to diagonality we easily obtain/explore the soft limit of the
multi-photon amplitudes.

November 5, 1998 Stanistaw JADACH



@ CEEX @

‘ISR First order real 1-ph0ton'

M (RR5) = ) My (71 +m — k) £5(k) u(pr, A1)

(P2, A2) 75 (k) (=P +m+ K) My u(pr, M)

Using spinor completeness relation for y + m parts we shall now
express the above amplitudes in terms of U and V' matrices;
separately IR terms ~ ¥ +m and finite terms ~ ¥. See next slide.
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‘ISR in terms of U and V matrices; IR is separated'

M (’iiiik) =
ot 2. PRIV )] - ) [0 ]% [3377]

%pl Z% Bl Y[R 8] By 3]

Notation: Final fermion spin indices omitted; B4 [2;11 1;2] really i1s B [2;\1 2;2 1;2 i‘i].

CERN
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‘ ISR First order, 1-photon, IR and non-IR separately I

MISE (Giteb) = ol (k) B [R152]) + D) [R525] (k)

Not only the soft part proportional to

b (k pl)

s (k) = eQ. Q.

is now clearly separated but also the very important remaining non-IR
part necessary for exponentiation is obtained:

R ) = - g Z% 31U (=) [33]

(Final fermion spin indices are omitted in r{!) and %;.)

The case of FSR can be discussed/analyzed along the same lines, leading
to similar elements: s\ (k) and r(® [’;éiiﬁ} (k).

November 5, 1998 Stanistaw JADACH
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CEEX @)

‘First order, one virtual photon I

The O(a') contribution with 1 virtual and 0 real photons:

MP BHX) =B EI(X) [1+ Q2Fi(s,my) + QFFi(s,my)] + Muox [§] (X),
where F} is the electric formfactor regularized with m,. (We omit Fb, this
is justified for light final fermions. To be restored later on). In F; we
already keep exact final fermion mass.

In the present work we use spin amplitudes for v-v and v-Z boxes

following Brown, Decker and Paschos (1984):
Mpox 2] (X) = ie® x

e, B
Z 9x; ng TA3>\1T>\2/\4 +9 U)\3)\2U)\1>\4

X2 — Mpg? —|—ZFBX2/MB

e,B fB

>\1,—>\26>\3,—>\4
B=~,Z

87 - _
X —QeQy (63105 fBDP(MB, My, 5, t,u) = 65,2y fBDP(Mp, MY, 5, u,t)]

where M2 = M2 —iM Iz, ]\_43 = m?y and function fspp is defined in

Brown et.al (1984); Mandelstam variables s,¢ and u defined as usual.
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Coherent Exclusive Exponentiation, zero order O(on)CEEX

— 1 «»g—» 1
P = 7. —

Qkpl 2k‘p2

-

> B [N](Xe) 557 (k1)sgs (k2) ...

. . [P] — |P1P2P3P4
Notation: [A] = [)\1>\2>\3)\4
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Coherent Exclusive Exponentiation, zero order O(on)CEEX

M.SLO) ('p k1 ko kn

NC102 " op
2
X
P3 + P4

.....

BRI S (ka2 (k) .87 (k)

s$ (k) are IR soft photon ISR/FSR factors, one for each real photon.
Ba(pi,...,pa) is IR virtual YFS form-factor.
The coherent sum is taken over set {g} of all 2" partitions.

The partition g is defined as a vector (g1, p2, ..., on) Where p; = 1
for ISR and @; = 0 for FSR photon.

Set of all 2™ partitions is: {p} ={ (0,0,0,...,0), (1,0,0,...,0),
(0,1,0,...,0), (1,1,0,...,0), ...

Xo=p1+p2— >, ©i ki =4-mom. in the resonance propagator.
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| IR Yennie-Frautschi-Suura virtual form-factor .

We take advantage of the Yennie-Frautschi-Suura (1961) fundamental
proof of factorization of all virtual IR corrections in the formfactor

Ba(p1, ..., pa) = Q- Ba(p1,p2) + Q7 Ba2(p3, pa)
+ QeQfB2(p1,p3) + QeQyB2(p2,pa) — QeQyB2(p1,pa) — Qe Qs Ba(p2, p3).

d*k ) 2p + k 29 — k 2
B = '

In the above we assume that IR singularities are regularized with finite
photon mass m~ which enters implicitly into all B2’s and s-factors (and
the real photon phase space integrals, in the following discussion).

The above YFS form-factor does not take the “resonance phase” into account. This is
of course corrected by non-IR correction order-by-order, for instance by ~v-7Z box in
O(a'). This is however not enough. The O(a') ISR*FSR interference in App at Z
peak will be still 0.5% instead of 0.05%! We therefore exponentiate the “resonace

hase” to infinite order, as 1t 1s was done by Greco, Pancheri and Srivastava
P 5 y 3

(1975,1980), see next slide.
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| Greco-Pancheri-Srivastava form-factor .

For very narrow resonances the photon emission in the decay process is
separated from the photon emission in the production process by very
large time-space distance. The ISR*FSR interference is therefore strongly
suppressed, typically by I'/M factors.

In LK Monte Carlo, since real photons are generated down to arbitrarily
low k2. =¢e/s/2 < T, the suppression of real photons due to narrow

resonance, is realized automatically, including all interference effects.

For virtual photons we sum up certain subset of the ISR*FSR
interferences to infinite order following Greco et al. In practice the rule is:

Multiply each part of the spin amplitude proportional to

Z-propagator by the additional factor |exp(ég(s,t,u)) | where:

a(s,tu) = —2QcQp 2 In (L) In (Maiglezs)

In O(a') the above exponential factor induces the additional subtraction
in the -7 box:

Mpox (8, t,u) — Mpox(s,t,u) — dc (s, t,u)
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‘ Simplification (1): Neglect variation of resonance complex phase I

X, = P=p3+psor X, =P =p; + ps leads to:

X2
> —EBRIN,) s (kn)s5 (ke) - 557 (k) —
{0}
— BRIP) D o8 (h)s52 (k) ... 557 (k) =
{0}

ﬁ (0) +5<1)(k )

1—=1

The sum over all set of partitions {@} drops out!!!
This is the case of BHLUMI and BHWIDE (at least in s-channel).

Note: The effect of the above simplification is not fatal, ie. the neglected feature is
re-introduced automatically order-by-order. Of course, it is better to have it built-in

to infinite order from the start.
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Simplification (2): Neglect ISR*FSR interferences

Let us consider \M%O) %, the spin amplitude squared:

2

S e m i) a8 bt (k) 2 (BRICY ) 5 (k)

S
{e} {e'}

Neglecting ISR*FSR interferences implies that terms g # ¢’ drop out.
Only single sum over partitions survives:

X2\° )
—@) B LI (55 (ko) ? (822 (ko) o 52 (o)

Sl
This simplification is done in KORALZ/YFS2. It is a serious limitation,

not easy to correct, downgrading the off-Z-resonance predictions.

Note that in the YFS2 event generator the sum over partition is randomazed i.e. for a

given event only one partition is generated in the M.C. algorithm.

None of these two simplifications are made in the new X M.C.
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Coherent Exclusive Exponentiation, first order O(ozl)CEEX

(1) (pkykso k _
M (maz...a;g) —

e (ps + pa)?

Ry [35](X) [r“‘” RE1(X) + <(p3+p4+(1‘”)’“j)2

November 5,

IR virtual B4 and real soft s cancel each other, as usual.

New O(a') IR-finite: virtual form-factor (5‘(/1 ,L-),rt and box Rpox; real

hard-photon contribution is IR;‘”)?w = 0, 1. Identified unambiguously
by comparing with the exact O(a') distributions for n, = 0, 1.

The new sum over all real photons with IR-finite ngw) appears. With
each term of 7/is sum one s is replaced by certain IR-finite object.
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O(a') cgex virtual IR-finite 6\(/1i)rt and Rpox

The IR-finite 5&12,,4 . and Rpox are determined unambiguously by identifying
for n = 0 the O(a')zpx spin amplitudes with the corresponding O(a')
spin amplitudes, up to terms of O(a').

In this way we obtain:

5y 04(5) = QZF1(s,my) + Q3 F1(s,my) — QZaBa(s,m) — QFaBa(s, ms).

The Rpox is obtained from Mpox in a similar way. Result can be
expressed by means of the substitution:

fBDP(Méam’Y)S?tyu) — fBDP(Méym’YaS)t)u) - fIR(m’Y7t7u)>

where
2

fir(ma sty w) = 2Ba(ma,t) = 2Ba(ma,w) = In (£) In (52) + 3n ().
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Unpolarized O(a") pzx total x-section; M.E.xPh.Sp. approach!!!

Z 1 1 } : 2

ry . () kqik kn

o = m/dTn(pl+p27 b3, P4, kl)"'?’{:n) Z ‘Mn (1;\0103'.'0'71)’ ’
n=0

)\,0’1,...,071

where the d7,, is the Lorentz invariant phase space (LIPS) integration element. The
above total cross section is perfectly IR-finite, as can be checked with a little bit of
effort by analytical partial differentiation with respect the photon mass

30(7“)/87717 = 0. (This method of validating IR-finiteness was noticed by G. Burgers

(1989); the classical method of YFS (1961) relies on the techniques of the Melin
transform.) Furthermore, the above integral is perfectly implementable in the M.C.
Traditionally, the lower boundary on the real soft photons is defined using the energy

cut condition k” > £./5/2 in the laboratory frame. (Faster M.C.) Transition to such a
traditional IR boundary leads to an additional overall real photon form-factor

exp(2aB4(p1, ..., p4)) where

B4(p1, "'7p4) — QiBZ(p17p2) + Q?B2(p37p4)
+ QeQfBa2(p1,p3) + QeQfBa(p2,ps) — QeQysBa(p1,pa) — QeQy Ba(p2, p3),

3, 2
Ba(p ) = / Cic_ok (Swz)(ﬁ_k_qc) |

k0<5\/§/2
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Unpolarized O(a")

cepx total cross section, cont.

......

LY g

Ao, =%

Y (pi, ..., pa) = 2aBa(my;p1,...,pa) + 2aRBa(m; p1, ..., pa)

is the conventional YF'S formfactor defined analytically in terms of logs
and Spence functions, and

9)?.,(;‘”) (pkl ko f:rn) _ e—aB4M?(;) <pk1k2 i”)

AC102 \C102
is the spin amplitude without IR virtual divergences, no m. any more!.

The above fully exclusive differential cross section is already implemented
in the Monte Carlo event generator XK.
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Polarized O(a") . zx total cross section

(T) B / dTn(pl +p2; P3, P4, kl)"') 1 Y

n=0 0>€\/ s/2

~a b - b (r) (pkq ko (r) (pkq ko rcyd
E1ES of 5, o0, 5, T (Ml@...an i) (Phike 05 i ng Ta 0, PSR

o® for k = 1,2,3 are Pauli matrices and JS,M = 0, 18 unit matrix.

£¢. €5 a,b=1,2,3 are the components of the conventional spin
polarlzatlon Vectors of e* and £¥ = 1 in e® rest frame (&; - p; = m.).

hihd are polarimeter vectors of outgoing fermions. They carry spin
information to decay processes (hi - pi = my).

g5 and iz? are defined in the so called GPS frames of the
corresponding fermions. (Important for the use of Pauli matrices!)
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‘CPU considerations: photon spin randomization'

The single spin amplitude z)ﬁ%” contains already 2™ (n + 1) terms
(2™ due to ISR/FSR partitions). The grand sum over spins counts

2m4%4% = 27710 terms!!! Altogether we expect up to | N ~ n227 10
operations in the CPU time expensive complex (16bytes)

arithmetics. Typically in e"e™ — u~u™ the average photon
multiplicity with k° > 1MeV is about 3, corresponding to N ~ 107

terms. In a sample of 10* MC events there will be a couple events

with n = 10 and N = 10'? terms. Partial solutions: ) efo¢; and

the s-factors evaluated only once, stored and reused (save 28).

The trick of photon Spin randomization speeds up substantially the
numerical calculation in the Monte Carlo program: Instead of
evaluating the sum over photon spins o;,2 = 1,...,n we generate
randomly one spin sequence of (o1, ...,0,) per MC event and the MC
weight is calculated only for this particular spin sequence! We save
one hefty 2" factor in the CPU time!

The formal proof of the correctness of this method can be found in Sect. 4 of “Guide

to practical Monte Carlo methods”, (1998), http://wwwcn.cern/~ jadach.
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ISR*FSR interf. in angular distribution

The influence of ISR*FSR interference on the
angular distribution at 189GeV. The cut s'/s > 0.9
eliminates on shell Z. This result is totally new from
new CEEX exponentiation at the amplitude level.

—— ISR*FSR ON
—— ISR*FSR OFF

000 ¢
~1.00

Interference increases Arp and total x-section about
2%, the effect is located at the very ends of cos 6
range.
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‘ Cut-off dependence at 189GeV '

Regular cut-off 3'/3 > 0.9 ellmlnatlng Z:

" KK Monte Carlo 1998

r dO'

- dcos@

O(Oél)CEEx, 8,/8 > 0.9
— ISR*FSR ON
L ISR*FSR OFF

- cos 6
—1. 00 —.50 .00 .50 1.00

Loose cut- off 3'/3 >0.1 admlttlng Z:

" KK Monte Carlo 1998

- do

L H COS g

O(Oél)CEEx, 8,/8 > 0.1
~ ——— ISR*FSR ON
- —— ISR*FSR OFF
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‘ISR*FSR in Arg, s'-cut dependence, no ¢ cut.

At 189GeV 1nterference in AFB 1S 2%-5%,.

At Z peak Arp is below 0.1% due to additional

of virtual correction according to

exponentiation

Greco, Pancher:

005
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* % % ZFITER 5.0

Amt

004 |

003 ¢
002 |
001 |

000 ¢

[« Strong qut mln/ ~ No Cut —

.25 .50 .75 1.00

and Srzvastava

KK Monte Carlo 1998

1
O((}, )(,‘EEX
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WWMWW%WMW

« Strong qm mln/ _ No Cut —
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‘ISR*FSR in o, cut-off dependence I

At 189GeV interference in o is 2%-5%,
full cosf range:

040 |

At Z interference is clearly suppressed to below 0.1%
or less: again thanks to additional virtual correction

aint KK Monte Carlo 1998

Born
g
O(a!)ceex

* % % ZFITER 5.0

3 /
:_ «— Strong Qut 1 Smln/s No Cut —

.25 .50 .75 1.00

exponentiation according to Greco et al.
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‘Comparison with our older MC'’s I

N4

Feature

KORALB

KORALZ

KK now

KKIC 2000

ISR

o+ ol

(¢ 4+ aL 4+ a?L?) o

(.33

(... 4+ a3L3)

exp

FSR

o+ ol

(¢ 4+ aL 4+ a?L?) o

(.. a?L?)

(... 4+ a3L3)

exp

ISR*FSR int.

o + oL

o + oL, no exp.

(a + aL)exp

(a + aL)exp

Exponentiation

NONE

for | M (p;)|*

for M(p;)

for M(p;)

El-Weak

No Z-reson.

YES

YES

YES

Beam polar.

long+trans.

longit.

none

long+trans.

T polar.

long+trans.

longit.

long-+trans.

long-+trans.

7 decay

yes

yes

yes

yes

Exact m.el.

real photons

up to 1

1, 2coll.

1, 2coll, 3coll.

up to 3

Inclusive mode

Yes

vv channel

Yes

ee channel

Yes

tt channel

Yes

W W channel

Yes

beam spread

Yes

beamstrahlung

Yes
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‘ Conclusions I

Clear upgrade path for exclusive exponentiation in QED in
the Monte Carlo is established. It is firmly based on spin
amplitudes. The main profits are:

Inclusion of interferences, ISR*FSR.

All kind of coherence effects, including narrow

resonances.

Complete treatment of spin (also transverse) for beams
and final (unstable) fermions.

e Exact M.E. for 2,3 high p;r photons (pending).

First real Monte Carlo implementation is KX event
generator for fermion pair production at LEP, lineacs,
p-colliders, 7 and b factories.

Check http://wwwcn.cern.ch/~jadach.
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